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Abstract
By a new energy approach involved in the high frequencies and low frequencies decompo-
sition in the Besov spaces, we obtain the optimal decay for the incompressible Oldroyd-B
model without damping mechanism in Rn (n ≥ 2). More precisely, let (u, τ) be the global
small solutions constructed in [18], we prove for any (u0, τ0) ∈ B˙−s2,1(Rn) that∥∥Λα(u,Λ−1Pdiv τ)∥∥
Lq
≤ C (1+ t)− n4−
(α+s)q−n
2q , Λ
def
=
√−∆,
with n2 − 1 < s < np , 2 ≤ p ≤ min(4, 2n/(n− 2)), p 6= 4 if n = 2, and p ≤ q ≤ ∞,
n
q − np − s < α ≤ nq − 1. The proof relies heavily on the special dissipative structure of
the equations and some commutator estimates and various interpolations between Besov
type spaces. The method also works for other parabolic-hyperbolic systems in which the
Fourier splitting technique is invalid.
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1. Introduction and the main result
The incompressible Oldroyd-B model without damping mechanism in Rn can be writ-
ten as: 

∂tτ + u · ∇τ + F(τ,∇u) = D(u),
∂tu+ u · ∇u− ∆u+∇p = div τ,
div u = 0,
(u, τ)|t=0 = (u0, τ0),
(1.1)
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where u = (u1, u2, · · ·, un) denotes the velocity, p is the scalar pressure of fluid. τ = τi,j
is the non-Newtonian part of stress tensor which can be seen as a symmetric matrix here.
D(u) = 12
(∇u+ (∇u)T) is the symmetric part of∇u and F is a given bilinear form which
can be chosen as
F(τ,∇u) = τΩ(u)−Ω(u)τ + b(D(u)τ + τD(u)),
where b is a parameter in [−1, 1], Ω(u) = 12
(∇u− (∇u)T) is the skew-symmetric part of
∇u.
The above Oldroyd-B model presents a typical constitutive law which does not obey
the Newtonian law (a linear relationship between stress and the gradient of velocity in
fluids). Such non-Newtonian property may arise from the memorability of some fluids.
Formulations about viscoelastic flows of Oldroyd-B type are first introduced by Oldroyd
[16] and are extensively discussed in [2]. One can find the derivation of (1.1) in [14], here
we omit it.
The mathematical theory of Oldroyd-B model is an old subject, see [3]–[11], [13]–[16],
[18]–[20]. Here, we only recall some results about Oldroyd-B model without damping
mechanism. In fact, when neglecting the damping term in the stress tensor equation, (1.1)
reduces to be a parabolic-hyperbolic system. Duo to lack of smoothing effect of τ, it’s
difficult to get the global solutions directly. Luckily, by exploiting the good structure of
the system, we can obtain some hidden dissipation about τ. Based on the above analysis,
by constructing the time-weighted energies, Zhu [19] obtained the global small solutions
to (1.1) in R3. This result was extended by Chen and Hao [4] to the L2 type Besov spaces
in Rn. The first author of the present paper in [18] generalized the result of [4] to the Lp
framework which the highly oscillating initial velocity are allowed.
Denote P = I −Q := I −∇∆−1div and
f ℓ
def
= S˙j0+1 f and f
h def= f − f ℓ
for some fix integer j0 ≥ 0,
The author in [18] obtained the following theorem:
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Theorem 1.1. (see [18]) Let n ≥ 2 and
2 ≤ p ≤ min(4, 2n/(n− 2)) and, additionally, p 6= 4 if n = 2.
For any (uℓ0, τ
ℓ
0 ) ∈ B˙
n
2−1
2,1 (R
n), uh0 ∈ B˙
n
p−1
p,1 (R
n), τh0 ∈ B˙
n
p
p,1(R
n) with div u0 = 0. If there exists
a positive constant c0 such that,
X0 def= ‖(u0, τ0)‖ℓ
B˙
n
2−1
2,1
+ ‖u0‖h
B˙
n
p−1
p,1
+ ‖τ0‖h
B˙
n
p
p,1
≤ c0,
then the system (1.1) has a unique global solution (u, τ) so that for any T > 0
uℓ ∈ Cb([0, T); B˙
n
2−1
2,1 (R
n)) ∩ L1([0, T]; B˙
n
2+1
2,1 (R
n)),
τℓ ∈ Cb([0, T); B˙
n
2−1
2,1 (R
n)), (Λ−1Pdiv τ)ℓ ∈ L1([0, T]; B˙
n
2+1
2,1 (R
n)),
uh ∈ Cb([0, T); B˙
n
p−1
p,1 (R
n)) ∩ L1([0, T]; B˙
n
p+1
p,1 (R
n)),
τh ∈ Cb([0, T); B˙
n
p
p,1(R
n)), (Λ−1Pdiv τ)h ∈ L1([0, T]; B˙
n
p
p,1(R
n)).
Moreover, there exists some constant C = C(p, n) such that
X (t) ≤ CX0,
with X (t) def=‖(u, τ)‖ℓ
L˜∞t (B˙
n
2−1
2,1 )
+ ‖u‖h
L˜∞t (B˙
n
p−1
p,1 )
+ ‖τ‖h
L˜∞t (B˙
n
p
p,1)
+ ‖u‖h
L1t (B˙
n
p+1
p,1 )
+ ‖(u, (Λ−1Pdiv τ))‖ℓ
L1t (B˙
n
2+1
2,1 )
+ ‖Λ−1Pdiv τ‖h
L1t (B˙
n
p
p,1)
.
The natural next step is to look for a more accurate description of the long time behav-
ior of the solutions. As there is no dissipation in the τ equation, the usual Fourier splitting
technique can not be used here. The spectral analysis for the linearized system may be
valid. Here, we present another new pure energy method which motivated by [12], [17]
to get the optimal decay of the solutions. Considering the linear system of (1.1), one can
find u and Pdiv τ satisfy the following damped wave equation:
Wtt − ∆Wt − 1
2
∆W = 0.
Thus, we only expect to get the decay of u and the partial decay in τ, namely Pdiv τ.
Now, we state the main result of the paper:
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Theorem 1.2. Let (u, τ) be the global small solutions addressed by Theorem 1.1. If in addition
(u0, τ0) ∈ B˙−s2,1(Rn) with n2 − 1 < s < np . For any p ≤ q ≤ ∞ and nq − np − s < α ≤ nq − 1, there
holds
∥∥Λα(u,Λ−1Pdiv τ)∥∥
Lq
≤ C (1+ t)− n4−
(α+s)q−n
2q . (1.2)
Remark 1.3. Let p = q = 2, one can deduce from (1.2) that
∥∥Λα(u,Λ−1Pdiv τ)∥∥
L2
≤ C (1+ t)− s2− α2 ,
which coincides with the heat flows, thus our decay rate is optimal in some sense.
2. Preliminaries
For readers’ convenience, in this section, we list some basic knowledge on Littlewood-
Paley theory.
Definition 2.1. Let us consider a smooth function ϕ on R, the support of which is included
in [ 34 ,
8
3 ] such that
∀τ > 0 , ∑
j∈Z
ϕ(2−jτ) = 1, and χ(τ) def= 1− ∑
j≥0
ϕ(2−jτ) ∈ D([0, 4/3]).
Let us define
∆˙ju = F−1(ϕ(2−j|ξ|)û), and S˙ju = F−1(χ(2−j|ξ|)û).
Let p be in [1,+∞] and s in R, u ∈ S ′(Rn). We define the Besov norm by
‖u‖B˙sp,1
def
=
∥∥(2js‖∆˙ju‖Lp)j∥∥ℓ1(Z).
We then define the spaces B˙sp,1
def
= {u ∈ S ′h(Rn), ‖u‖B˙sp,1 < ∞}, where u ∈ S
′
h(R
n) means that
u ∈ S ′(Rn) and limj→−∞ ‖S˙ju‖L∞ = 0 (see Definition 1.26 of [1]).
In this paper, it will be suitable to split tempered distributions u into low and high
frequencies. For a fix integer j0 (the value of which will follow from the proof of the main
theorem), we denote
‖u‖ℓB˙sp,1
def
= ∑
j≤j0
2js‖∆˙ju‖Lp and ‖u‖hB˙sp,1
def
= ∑
j≥j0−1
2js‖∆˙ju‖Lp .
Let us now state some classical properties for the Besov spaces.
4
Lemma 2.2. • Let 1 ≤ p ≤ ∞ and s1, s2 ∈ R with s1 > s2, for any u ∈ B˙s1p,1 ∩ B˙s2p,1(Rn),
there holds
‖uℓ‖
B˙
s1
p,1
≤ C‖uℓ‖
B˙
s2
p,1
, ‖uh‖
B˙
s2
p,1
≤ C‖uh‖
B˙
s1
p,1
.
• If s1 6= s2 and θ ∈ (0, 1),
[
B˙s1p,1, B˙
s2
p,1
]
θ
= B˙
θs1+(1−θ)s2
p,1 .
• For any smooth homogeneous of degree m ∈ Z function A on Rn\{0}, the operator A(D)
maps B˙sp,1 in B˙
s−m
p,1 .
We are going to define the space of Chemin-Lerner (see [1]) in which we will work,
which is a refinement of the space LλT(B˙
s
p,1(R
n)).
Definition 2.3. Let (λ, p) ∈ [1,+∞]2 and T ∈ (0,+∞]. We define L˜λT(B˙sp,1(Rn)) as the com-
pletion of C([0, T];S (Rn)) by the norm
‖ f‖L˜λT(B˙sp,1) = ∑
j∈Z
2js
(∫ T
0
‖∆˙j f (t)‖λLpdt
) 1
λ
< ∞.
The following product estimates in Besov spaces play a key role in our analysis of the
bilinear terms (see [17]).
Lemma 2.4. Let 1 ≤ p, q ≤ ∞, s1 ≤ nq , s2 ≤ nmin{ 1p , 1q} and s1 + s2 > nmax{0, 1p + 1q − 1}.
For ∀(u, v) ∈ B˙s1q,1(Rn)× B˙s2p,1(Rn), we have
‖uv‖
B˙
s1+s2− nq
p,1
≤ C‖u‖
B˙
s1
q,1
‖v‖
B˙
s2
p,1
.
Finally, we recall the following commutator’s estimate:
Lemma 2.5. (Lemma 2.100 from Bahouri et al. (2011)) Let ∇u ∈ B˙
n
p
p,1(R
n) and v ∈ B˙sq,1(Rn)
with 1 ≤ p, q, r ≤ ∞. For any
−1− nmin
{
1
p
, 1− 1
q
}
< s ≤ n
p
, if div u = 0,
there holds ∥∥(2js‖[∆˙j, u · ∇]v‖Lq)j∥∥ℓ1(Z) ≤ C‖∇u‖
B˙
n
p
p,1
‖v‖B˙sq,1 .
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3. Proof of the main theorem
In this section, we prove the main Theorem 1.2 by a pure energy method which is
originated from the idea as in [12], [17].
Applying project operator P on both hand side of the first two equation in (1.1) gives

∂tu+ P(u · ∇u)− ∆u−Pdiv τ = 0,
∂tPdiv τ + Pdiv (u · ∇τ)− ∆u+ Pdiv (F(τ,∇u)) = 0.
(3.1)
Denote
φ
def
= Λ−1Pdiv τ, with Λ def=
√−∆.
A simple computation from (3.1) implies

∂tu+ u · ∇u− ∆u−Λφ = −[P, u · ∇]u,
∂tφ + u · ∇φ + Λu = −[Λ−1Pdiv , u · ∇]τ −Λ−1Pdiv (F(τ,∇u)).
(3.2)
Now, we can follow the proof of Section 3 in [18] or Lemma 4.1 and Lemma 4.2 in [17] to
get (we omit the details)
d
dt
(‖(u, φ)‖ℓ
B˙
n
2−1
2,1
+ ‖u‖h
B˙
n
p−1
p,1
+ ‖φ‖h
B˙
n
p
p,1
)
+ ‖(u, φ)‖ℓ
B˙
n
2+1
2,1
+ ‖u‖h
B˙
n
p+1
p,1
+ ‖φ‖h
B˙
n
p
p,1
≤ C(‖(u, τ)‖ℓ
B˙
n
2−1
2,1
+ ‖u‖h
B˙
n
p−1
p,1
+ ‖τ‖h
B˙
n
p
p,1
)(‖(u, τ)‖ℓ
B˙
n
2+1
2,1
+ ‖u‖h
B˙
n
p+1
p,1
+ ‖φ‖h
B˙
n
p
p,1
)
. (3.3)
The following fact can be guaranteed by Theorem 1.1:
‖(u, τ)‖ℓ
B˙
n
2−1
2,1
+ ‖u‖h
B˙
n
p−1
p,1
+ ‖τ‖h
B˙
n
p
p,1
≤ X (t) ≤ X0 ≪ 1 for all t ≥ 0. (3.4)
Thus absorbing all the terms in the right to left in (3.3) gives
d
dt
(‖(u, φ)‖ℓ
B˙
n
2−1
2,1
+ ‖u‖h
B˙
n
p−1
p,1
+ ‖φ‖h
B˙
n
p
p,1
)
+
1
2
(‖(u, φ)‖ℓ
B˙
n
2+1
2,1
+ ‖u‖h
B˙
n
p+1
p,1
+ ‖φ‖h
B˙
n
p
p,1
) ≤ 0. (3.5)
Next, we want to use the interpolation inequality to get the Lyapunov-type inequality
for the above energy norms.
According to (3.4) and Lemma 2.2, it’s obvious for any β > 1 that
‖u‖h
B˙
n
p+1
p,1
≥ C(‖u‖h
B˙
n
p−1
p,1
)β
, ‖φ‖h
B˙
n
p
p,1
≥ C(‖φ‖h
B˙
n
p
p,1
)β
. (3.6)
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Thus, to get the Lyapunov-type inequality, we have to control ‖(u, φ)‖ℓ
B˙
n
2+1
2,1
with(‖(u, φ)‖ℓ
B˙
n
2−1
2,1
)η
for some η > 1. This process can be obtained from the interpolation in-
equality, which implies that we must provide a low order estimates such as ‖(u, φ)‖ℓ
B˙−s2,1
,
with −s < n2 − 1. However, only the incompressible part of stress tensor (Pdiv τ) have
dissipation while the whole τ itself don’t. Hence, it’s impossible to control ‖(u, φ)‖ℓ
B˙−s2,1
directly due to couple terms u · ∇τ and F(τ,∇u). To overcome this difficulty, we shall
control ‖(u, τ)‖B˙−s2,1 instead of ‖(u, φ)‖
ℓ
B˙−s2,1
. The price we have to pay is that the stronger
condition imposed on (u0, τ0) ∈ B˙−s2,1(Rn) instead of (u0, φ0) ∈ B˙−s2,1(Rn).
To do this we apply ∆˙j to the first two equations in (1.1) and use a standard commuta-
tor’s process to get

∂t∆˙ju+ u · ∇∆˙ju+ ∆˙j∇p− ∆∆˙ju− ∆˙jdiv τ = [u · ∇, ∆˙j]u,
∂t∆˙jτ + u · ∇∆˙jτ + ∆˙jF(τ,∇u) − ∆˙jD(u) = [u · ∇, ∆˙j]τ.
Taking L2 inner product with ∆˙ju, ∆˙jτ, respectively and using the following cancella-
tions ∫
Rn
∆˙jdiv τ · ∆˙ju dx+
∫
Rn
∆˙jD(u) · ∆˙jτ dx = 0,∫
Rn
u · ∇∆˙ju · ∆˙ju dx =
∫
Rn
∆˙j∇p · ∆˙ju dx =
∫
Rn
u · ∇∆˙jτ · ∆˙jτ dx = 0,
we have
1
2
d
dt
(‖∆˙ju‖2L2 + ‖∆˙jτ‖2L2) ≤C‖[u · ∇, ∆˙j]u‖L2‖∆˙ju‖L2
+ C‖∆˙jF(τ,∇u)‖L2‖∆˙jτ‖L2 + C‖[u · ∇, ∆˙j]τ‖L2‖∆˙jτ‖L2 ,
which implies that
d
dt
‖(∆˙ju, ∆˙jτ)‖L2 ≤C
(‖[u · ∇, ∆˙j]u‖L2 + ‖[u · ∇, ∆˙j]τ‖L2 + ‖∆˙jF(τ,∇u)‖L2). (3.7)
Integrating the above inequality from 0 to t, and multiplying by 2−js, we get by sum-
ming up about j ∈ Z that
‖(u, τ)(t, ·)‖B˙−s2,1 ≤‖(u0, τ0)‖B˙−s2,1 + C
∫ t
0
‖F(τ,∇u)‖B˙−s2,1 dt
′
+ C
∫ t
0
(∑
j∈Z
2−js‖[∆˙j, u · ∇]u‖L2 + ∑
j∈Z
2−js‖[∆˙j, u · ∇]τ‖L2) dt′. (3.8)
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For any −np ≤ s < np , from Lemma 2.4 and Lemma 2.5, one has
‖F(τ,∇u)‖B˙−s2,1 ≤ C‖∇u‖B˙ npp,1
‖τ‖B˙−s2,1 ≤ C(‖u‖
ℓ
B˙
n
2+1
2,1
+ ‖u‖h
B˙
n
p+1
p,1
)‖τ‖B˙−s2,1 , (3.9)
∑
j∈Z
2−js‖[∆˙j, u · ∇]u‖L2 + ∑
j∈Z
2−js‖[∆˙j, u · ∇]τ‖L2
≤ C‖∇u‖
B˙
n
p
p,1
‖u‖B˙−s2,1 + ‖∇u‖B˙ npp,1
‖τ‖B˙−s2,1
≤ C(‖u‖ℓ
B˙
n
2+1
2,1
+ ‖u‖h
B˙
n
p+1
p,1
)‖(u, τ)‖B˙−s2,1 . (3.10)
Plugging the above two estimates into (3.8) implies
‖(u, τ)(t, ·)‖B˙−s2,1 ≤‖(u0, τ0)‖B˙−s2,1
+ C
∫ t
0
(‖u‖ℓ
B˙
n
2+1
2,1
+ ‖u‖h
B˙
n
p+1
p,1
)‖(u, τ)‖B˙−s2,1 dt
′. (3.11)
It is easy to deduce from the definition of X (t) in Theorem 1.1 that
∫ t
0
(‖u‖ℓ
B˙
n
2+1
2,1
+ ‖u‖h
B˙
n
p+1
p,1
) dt′ ≤ X0.
Hence, by the Gronwall inequality, one can get from (3.11), for any −np ≤ s < np , that
‖(u, τ)(t, ·)‖B˙−s2,1 ≤ C0 (3.12)
for all t ≥ 0, where C0 > 0 depends on the norm of ‖(u0, τ0)‖B˙−s2,1 and X0.
For any s > 1− n2 , it follows from interpolation inequality in Lemma 2.2 that
‖(u, φ)‖ℓ
B˙
n
2−1
2,1
≤C(‖(u, φ)‖ℓ
B˙−s2,1
)θ1(‖(u, φ)‖ℓ
B˙
n
2+1
2,1
)1−θ1
≤C(‖(u, τ)‖ℓ
B˙−s2,1
)θ1(‖(u, φ)‖ℓ
B˙
n
2+1
2,1
)1−θ1 , θ1 = 4
n+ 2s+ 2
∈ (0, 1),
this together with (3.12) implies that
‖(u, φ)‖ℓ
B˙
n
2+1
2,1
≥ C(‖(u, φ)‖ℓ
B˙
n
2−1
2,1
) 1
1−θ1 . (3.13)
Taking β = 11−θ1 in (3.6) gives
‖u‖h
B˙
n
p+1
p,1
≥ C(‖u‖h
B˙
n
p−1
p,1
) 1
1−θ1 , ‖φ‖h
B˙
n
p
p,1
≥ C(‖φ‖h
B˙
n
p
p,1
) 1
1−θ1 . (3.14)
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Thus, inserting (3.13) and (3.14) into (3.5) yields
d
dt
(‖(u, φ)‖ℓ
B˙
n
2−1
2,1
+ ‖u‖h
B˙
n
p−1
p,1
+ ‖φ‖h
B˙
n
p
p,1
)
+ c¯
(‖(u, φ)‖ℓ
B˙
n
2−1
2,1
+ ‖u‖h
B˙
n
p−1
p,1
+ ‖φ‖h
B˙
n
p
p,1
) n+2s+2
n+2s−2 ≤ 0.
Solving this differential inequality directly, we obtain
‖(u, φ)‖ℓ
B˙
n
2−1
2,1
+ ‖u‖h
B˙
n
p−1
p,1
+ ‖φ‖h
B˙
n
p
p,1
≤C(X−
4
n+2s−2
0 +
4c¯
n+ 2s− 2 t)
− n+2s−24
≤C(1+ t)− n+2s−24 .
Moreover, from Lemma 2.2, we further get
‖(u, φ)‖
B˙
n
p−1
p,1
≤ C(‖(u, φ)‖ℓ
B˙
n
2−1
2,1
+ ‖u‖h
B˙
n
p−1
p,1
+ ‖φ‖h
B˙
n
p
p,1
) ≤ C(1+ t)− n+2s−24 . (3.15)
For any np − n2 − s < γ < np − 1, by the interpolation inequality we have
‖(u, φ)‖ℓ
B˙
γ
p,1
≤C‖(u, φ)‖ℓ
B˙
γ+ n2−
n
p
2,1
≤C(‖(u, φ)‖ℓ
B˙−s2,1
)θ2(‖(u, φ)‖ℓ
B˙
n
2−1
2,1
)1−θ2 , θ2 = np − 1− γn
2 − 1+ s
∈ (0, 1),
which combines (3.12) with (3.15) gives
‖(u, φ)‖ℓ
B˙
γ
p,1
≤ C(1+ t)−
( n2+s−1)θ2
2 = C(1+ t)
− n2 ( 12− 1p )− s+γ2 . (3.16)
In the light of np − n2 − s < γ < np − 1, we see that
‖(uh , φh)‖B˙γp,1 ≤ C(‖u‖
h
B˙
n
p−1
p,1
+ ‖φ‖h
B˙
n
p
p,1
) ≤ C(1+ t)− n+2s−24 ,
from which and (3.16) gives
‖(u, φ)‖B˙γp,1 ≤C(‖(u, φ)‖
ℓ
B˙
γ
p,1
+ ‖(u, φ)‖h
B˙
γ
p,1
)
≤C(1+ t)− n2 ( 12− 1p )−
s+γ
2 + C(1+ t)−
n+2s−2
4
≤C(1+ t)− n2 ( 12− 1p )−
s+γ
2 .
Thanks to the embedding relation B˙0p,1(R
n) →֒ Lp(Rn), one infer that
‖Λγ(u, φ)‖Lp ≤C(1+ t)−
n
2 (
1
2− 1p )− s+γ2 .
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For any p ≤ q ≤ ∞ and nq − np − s < α ≤ nq − 1, by the Gagliardo-Nirenberg type interpo-
lation inequality, which can be found in the Chap. 2 of [1], taking
kθ3 +m(1− θ3) = α + n
( 1
p
− 1
q
)
, m =
n
p
− 1,
we get
‖Λα(u, φ)‖Lq ≤C‖Λm(u, φ)‖1−θ3Lp ‖Λk(u, φ)‖θ3Lp
≤C
{
(1+ t)
− n2 ( 12− 1p )−m+s2
}1−θ3{
(1+ t)
− n2 ( 12− 1p )− k+s2
}θ3
=C(1+ t)
− n2 ( 12− 1q )− α+s2 .
Consequently, we have completed the proof of our theorem. 
Acknowledgement. This work is supported by NSFC under grant number 11601533.
References
[1] H. Bahouri, J.Y. Chemin, R. Danchin, Fourier Analysis and Nonlinear Partial Differ-
ential Equations. Grundlehren Math. Wiss. , vol. 343, Springer-Verlag, Berlin, Heidel-
berg, 2011.
[2] R.B. Bird, C.F. Curtiss, R.C. Armstrong, O. Hassager, Dynamics of polymeric liquids.
Fluid Mechanics, vol. 1, 2nd edn Wiley, New York, 1987.
[3] J.Y. Chemin, N. Masmoudi, About lifespan of regular solutions of equations related
to viscoelastic fluids. SIAM J. Math. Anal., 33, 84–112, 2001.
[4] Q. Chen, X. Hao, Global well-posedness in the critical Besov spaces for the incom-
pressible Oldroyd-B model without damping mechanism. arXiv:1810.06171.
[5] Q. Chen, C. Miao, Global well-posedness of viscoelastic fluids of Oldroyd type in
Besov spaces. Nonlinear Anal., 68, 1928-1939, 2008.
[6] P. Constantin, M. Kliegl, Note on global regularity for two-dimensional Oldroyd-B
fluids with diffusive stress. Arch. Ration. Mech. Anal., 206, 725–740, 2012.
10
[7] T. M. Elgindi, J. Liu, Global wellposedness to the generalized Oldroyd type models
in R3. J. Differential Equations, 259, 1958–1966, 2015.
[8] T.M. Elgindi, F. Rousset, Global regularity for some Oldroyd-B type models. Comm.
Pure Appl. Math., 68, 2005–2021, 2015.
[9] D. Fang, R. Zi, Global solutions to the Oldroyd-B model with a class of large initial
data. SIAM J. Math. Anal., 48, 1054–1084, 2016.
[10] C. Guillope´, J.C. Saut, Existence results for the flow of viscoelastic fluids with a dif-
ferential constitutive law. Nonlinear Anal., 15, 849–869, 1990.
[11] C. Guillope´, J.C. Saut, Global existence and one-dimensional nonlinear stability of
shearing motions of viscoelastic fluids of Oldroyd type. RAIRO Mode´l. Math. Anal.
Nume´r., 24, 369–401, 1990.
[12] Y. Guo, Y. Wang, Decay of dissipative equations and negative Sobolev spaces. Comm.
Partial Differential Equations, 37, 2165–2208, 2012.
[13] Z. Lei, N. Masmoudi, Y. Zhou, Remarks on the blowup criteria for Oldroyd models.
J. Differential Equations, 248, 328–341, 2010.
[14] F. Lin, Some analytical issues for elastic complex fluids. Comm. Pure Appl. Math., 65,
893–919, 2012.
[15] P.L. Lions, N. Masmoudi, Global solutions for some Oldroyd models of non-
Newtonian flows. Chinese Ann. Math. Ser. B, 21, 131–146, 2000.
[16] J. Oldroyd, Non-Newtonian effects in steady motion of some idealized elastico-
viscous liquids. Proc. Roy. Soc. Edinburgh Sect. A, 245, 278–297, 1958.
[17] Z. Xin, J. Xu, Optimal decay for the compressible Navier-Stokes equations without
additional smallness assumptions. arXiv:1812.11714v1.
[18] X. Zhai, Global solutions to the n-dimensional incompressible Oldroyd-B model
without damping mechanism. arXiv:1810.08048.
11
[19] Y. Zhu, Global small solutions of 3D incompressible Oldroyd-Bmodel without damp-
ing mechanism. J. Funct. Anal., 274, 2039–2060, 2018.
[20] R. Zi, D. Fang, T. Zhang, Global solution to the incompressible Oldroyd-B model
in the critical Lp framework: the case of the non-small coupling parameter. Arch.
Rational Mech. Anal., 213, 651–687, 2014.
12
